It is shown that for a bounded weighted bilateral shift T acting on ℓ p (Z) for 1 p 2 supercyclicity of T , weak supercyclicity of T , cyclicity of T ⊕T and cyclicity of T 2 are equivalent. A new sufficient condition for cyclicity of a weighted bilateral shift is proved, which implies, in particular, that any compact weighted bilateral shift is cyclic.
Introduction
Throughout this article all vector spaces are supposed to be over the field C of complex numbers, Z is the set of integers, Z + is the set of non-negative integers and N is the set of positive integers. As usual, symbol L(B) stands for the space of bounded linear operators on a Banach space B and B * is the space of continuous linear functionals on B.
For w ∈ ℓ ∞ (Z) and 1 p ∞, T w,p stands for the bounded linear operator acting on ℓ p (Z) if 1 p < ∞ or c 0 (Z) if p = ∞, defined on the canonical basis {e n } n∈Z by T w,p e n = w n e n−1 for n ∈ Z.
If additionally w n = 0 for each n ∈ Z, the operator T w,p is called the weighted bilateral shift with the weight sequence w. In the particular case w n ≡ 1 we have the unweighted bilateral shift.
Recall that a bounded linear operator T on a Banach space B is called cyclic if there exists x ∈ B such that span {T n x : n ∈ Z + } is dense in B. T is called supercyclic if there is x ∈ B for which {λT n x : λ ∈ C, n ∈ Z + } is dense in B. Similarly T is called hypercyclic if there is x ∈ B such that the orbit {T n x : x ∈ Z + } is dense in B. Finally T is called weakly supercyclic or weakly hypercyclic if the density is required with respect to the weak topology. We refer to surveys [8, 9, 12] for additional information on hypercyclicity and supercyclicity. One of the attractive features of weakly supercyclic operators is that all their powers are again weakly supercyclic and therefore cyclic. For norm supercyclicity this statement was proved by Ansari [2] and the same proof works for weak supercyclicity.
Cyclicity properties of weighted bilateral shifts have been intensely studied. Hypercyclicity and supercyclicity of weighted bilateral shifts were characterized by Salas [15, 16] in terms of the weight sequences. It was observed in [19, Proposition 5 .1] that the Salas conditions admit the following simpler equivalent form.
Theorem S. For 1 p ∞, a weighted bilateral shift T = T w,p is hypercyclic if and only if for any m ∈ Z + , lim
and T is supercyclic if and only if for any m ∈ Z + ,
On the other hand, cyclicity of a weighted bilateral shift turns out to be a much more subtle issue, see, for instance, [10, 11, 14, 18] . It is worth noting that unlike for hypercyclicity or supercyclicity, cyclicity of a weighted bilateral shift depends on p. For instance, the unweighted bilateral shift is cyclic on ℓ 2 (Z) and non-cyclic on ℓ 1 (Z). There exist several necessary and several sufficient conditions of cyclicity of a weighted bilateral shift, see for instance, the works of Herrero [10, 11] . Prominent among these conditions is the observation that if the adjoint of a weighted bilateral shift T on ℓ p (Z) for 1 p < ∞ has non-empty point spectrum then T is non-cyclic. This implies, in particular, that the weighted bilateral shift T w,p with the weight sequence w n = a for n 0 and w n = b for n > 0 with 0 < |b| < |a| is non-cyclic for any p ∈ [1, ∞] . This is precisely the shape of the first example of a non-cyclic weighted bilateral shift, obtained by Beauzamy [5] .
Recall that a bounded linear operator T on a Banach space B is said to satisfy the Supercyclicity Criterion [12] if there exist a strictly increasing sequence {n k } k∈Z + of positive integers, dense subsets E and F of B and a map S : F → F such that T Sy = y for each y ∈ F and T n k x S n k y → 0 as k → ∞ for any x ∈ E and y ∈ F . The following two results are proved in [12] . There is no great mystery about the last theorem. One just has to take E = F being the space of sequences with finite support, S being the inverse of the restriction of T to F and use Theorem S to find an appropriate sequence {n k }. Note also that weak hypercyclicity and weak supercyclicity of weighted bilateral shifts were studied in [3, 6, 17, 19] . In [19] it is shown that for p 2 any weighted bilateral shift on ℓ p (Z) is either supercyclic or is not weakly supercyclic. We extend this dichotomy. Theorem 1.1. Let 1 p 2 and T be a weighted bilateral shift on ℓ p (Z). Then the following statements are equivalent: (C1) T satisfies the Supercyclicity Criterion; (C2) T is supercyclic; (C3) T is weakly supercyclic; (C4) T ⊕ T is cyclic; (C5) there is n 2 for which T n is cyclic; (C6) for any n ∈ N, T n is cyclic.
We would like to stress that, as it is shown in [19] , for each p > 2 there is a weakly supercyclic non-supercyclic weighted bilateral shift T on ℓ p (Z). Since powers of a weakly supercyclic operators are cyclic, we see that (C6) does not imply (C2) when p > 2. From this observation and equivalence of (C5), (C6) and (C2) for p 2, we immediately obtain the following corollary. It is also worth noting that a sufficient condition of weak supercyclicity of weighted bilateral shifts T in [19] automatically gives weak supercyclicity and therefore cyclicity of T ⊕ T . On the other hand, weakly supercyclic non-supercyclic operators T constructed in [17, 3] have the property that T ⊕ T is not cyclic. In [7] a sufficient condition for a weighted bilateral shift to be unicellular (and therefore cyclic) is given. This result together with Theorem S imply that there are cyclic non-supercyclic weighted bilateral shifts on ℓ p (Z) for 1 p < ∞ and on c 0 (Z). Thus the condition n 2 in (C5) is essential. From the proof of Theorem 1.1 below it will be clear which relations between the conditions (C1-C6) hold for any bounded linear operator on a separable Banach space. We shall also show that the implication (C5) =⇒ (C4) is satisfied for any weighted bilateral shift T = T w,p with 1 p ∞. The last implication though is not satisfied for general operators. For instance, the Volterra operator V f (t) = x 0 f (t) dt, acting on L 2 [0, 1], satisfies (C6) and does not satisfy (C4), see, for instance, [13] .
Finally, we shall prove yet another sufficient condition for cyclicity of a weighted bilateral shift. It does not follow from any known sufficient condition including the following most recent one due to Abakumov, Atzmon and Grivaux [1] .
Theorem A 2 G. Let w = {w n } n∈Z be a bounded sequence of non-zero complex numbers, α 0 = 1, α n = ( w(1, n)) −1 for n > 0 and α n = w(1 + n, 0) for n < 0, where the numbers w(a, b) are defined in (1.3). Assume also that there exist k ∈ N and a submultiplicative sequence {ρ n } n∈Z + of positive numbers such that ln
Then the weighted bilateral shift T = T w,p is cyclic if and only if the sequence {α −1 n } n∈Z does not belong to ℓ q (Z), where
This highly non-trivial result does not give a characterization of cyclicity for weighted bilateral shifts. For instance, the conditions imposed on the weight sequence rule out compact weighted bilateral shifts. The next theorem can be applied for a wider variety of weight sequences, although becomes a weaker statement, when applied to the weights satisfying the conditions of Theorem A 2 G. Theorem 1.3. Let w = {w n } n∈Z be a bounded sequence of non-zero complex numbers such that for any a ∈ N, inf{ w(1, m)
Then the weighted bilateral shift T w,p is cyclic for 1 p ∞.
Substituting m = a + 1 into (1.4), we immediately obtain the following corollary.
Corollary 1.4. Let w = {w n } n∈Z be a bounded sequence of non-zero complex numbers such that
T n w,p e 0 = w(1 − n, 0) for each n ∈ Z + , the spectral radius formula implies that any quasinilpotent weighted bilateral shift satisfies (1.5). Note also that any compact weighted bilateral shift is quasinilpotent. Thus, the following corollary holds true.
Corollary 1.5. Any quasinilpotent weighted bilateral shift is cyclic. In particular, any compact weighted bilateral shift is cyclic.
If we fix j ∈ N in (1.4), we immediately obtain the following corollary. Corollary 1.6. Let w = {w n } n∈Z be a bounded sequence of non-zero complex numbers for which there exists j ∈ N such that
Example 1.7. Let a, b > 0, 0 < α 1 and w = {w n } n∈Z be a sequence of positive numbers such that 1 − w n ∼ an −α as n → +∞ and 1 − w n ∼ b(−n) −α as n → −∞. From Corollary 1.6 it follows easily that the weighted bilateral shift T w,p is cyclic for 1 p ∞. On the other hand, Theorem A 2 G is applicable only if α > 1/2. Note also that by Theorem S, T is supercyclic if b > a and is non-supercyclic if b < a.
2 Proof of Theorem 1.1
We start with the following three easy and known but nice observations. Proof. Observe that span {T n 2 Jx : n ∈ Z + } = J span {T n 1 x : n ∈ Z + } for each x ∈ B 1 . Hence Jx is a cyclic vector for T 2 for each cyclic vector x for T 1 .
Remark. The same argument shows that Lemma 2.1 remains true if cyclicity is replaced by hypercyclicity, supercyclicity, weak hypercyclicity or weak supercyclicity. Proof. Let (x, f ) ∈ B × B * be different from zero. Then the continuous linear functional F on B ⊕ B * defined by F (y, g) = f (y) − g(x) is non-zero. We have,
Thus, the orbit of any non-zero vector under T ⊕ T * is contained in the kernel of a non-zero continuous linear functional. Therefore, T ⊕ T * is not cyclic. Proof. Since T * J = JT , we have (T ⊕ T * )(I ⊕ J) = (I ⊕ J)(T ⊕ T ). Assume that T ⊕ T is cyclic. Since I ⊕ J : B × B → B × B * is bounded and has dense range, Lemma 2.1 implies that T ⊕ T * is cyclic, which is impossible according to Lemma 2.2.
Lemma 2.4. Let j ∈ N and T be a bounded linear operator with dense range on a Banach space B such that T j is cyclic. Let also z = e 2πi/j . Then the operator
Proof. Let x be a cyclic vector for T j . Then L = {r(T j )x : r ∈ P} is dense in B, where
is the space of polynomials on one variable with complex coefficients. Since T has dense range, the spaces T (L), . . . , T j−1 (L) are also dense in B. It suffices to verify that u = (x, x, . . . , x) ∈ B j is a cyclic vector for S. Let M be the closed linear span of the orbit of u under S, 0 k j − 1 and
Thus, M contains the vectors of the shape (a, z k a, . . . , z k(j−1) a) for a ∈ T k (L) and 0 k j − 1. Since M is closed and T k (L) is dense in B, we see that
Finally, the matrix {z kl } j−1 k,l=0 is invertible since its determinant is a Van der Monde one. Invertibility of the latter matrix implies that the union of N k for 0 k j − 1 spans B j . Hence M = B j and therefore u is a cyclic vector for S.
For weighted bilateral shifts, the last lemma can be written in a nicer form. Recall that if |w n | = |u n | for any n ∈ Z, then the weighted bilateral shifts T w,p and T u,p are isometrically similar for each p ∈ [1, ∞]. Indeed, consider the sequence {d n } n∈Z + defined as d 0 = 1, d n = w(1, n)/ u(1, n) for n 1 and d n = u(n + 1, 0)/ w(n + 1, 0) for n < 0. Then |d n | = 1 for each n ∈ Z + and therefore the diagonal operator D, which acts on the basic vectors according to the formula De n = d n e n for n ∈ Z + , is an invertible isometry. One can easily verify that T w,p = D −1 T u,p D. That is, T w,p and T u,p are isometrically similar. In particular, any T w,p is similar to zT w,p if z ∈ C and |z| = 1. This observation together with the above lemma lead to the following corollary.
Corollary 2.5. Let T = T w,p be a weighted bilateral shift for which there exists j 2 such that T j is cyclic. Then T ⊕ T is cyclic.
Proof. By Lemma 2.4 the operator T ⊕ zT ⊕ . . . ⊕ z j−1 T is cyclic, where z = e 2πi/j . From the above observation it follows that T is similar to z k T for 0 k j − 1. Hence the direct sum of j copies of T is cyclic and therefore T ⊕ T is cyclic since j 2.
The next lemma provides a sufficient condition for a direct sum of two weighted bilateral shifts to be non-cyclic. 
Assume also that there exists m ∈ Z + such that a = {a n } n∈Z + ∈ ℓ q , where
Proof. For shortness let B p = ℓ p (Z) if 1 p < ∞ and B ∞ = c 0 (Z). Consider the bilateral sequence {d n } n∈Z defined by
It is straightforward to verify that d n+m = d m−n = ( w(m + 1, 2m)) −1 w(1, m)a n for each n > m. Since a ∈ ℓ q , we have d ∈ ℓ q (Z). Let p ′ 1 ∈ [1, ∞] be defined by the formula
From the definition of q, we have
. Since d ∈ ℓ q (Z), we, thanks to the Hölder inequality, have a bounded linear operator J : B p 2 → B p ′ 1 defined on the canonical basis as Je n = d n e 2m−n . It is straightforward to verify, by computing the values of the operators on the basic vectors (e k , e n ), that (T w,p 1 ⊕ S)(I ⊕ J) = (I ⊕ J)(T w,p 1 ⊕ T w,p 2 ), where S is the bounded linear operator on B p ′ 1 defined as Se n = w n+1 e n+1 for n ∈ Z.
Assume that T w,p 1 ⊕ T w,p 2 is cyclic. Since I ⊕ J has dense range, Lemma 2.1 implies that T w,p 1 ⊕ S is cyclic, which is impossible according to Lemma 2.2. Indeed, if 1 < p 1 ∞, then S = T * w,p 1 and if 1 p 1 < ∞, then T w,p 1 = S * . Thus, in any case, T w,p 1 ⊕ S is a direct sum of an operator with its dual.
The following corollary is the particular case p 1 = p 2 of the above lemma.
Corollary 2.7. Let w be a bounded sequence of non-zero complex numbers, p and q = ∞ if p 2, q = p/(p − 2) if p > 2. Assume also that there exists m ∈ Z + such that a = {a n } n∈Z + ∈ ℓ q , where a is defined in (2.2) . Then T w,p ⊕ T w,p is non-cyclic.
In order to prove the next proposition, we apply Lemma 2.6 in the case
Proposition 2.8. Let w = {w n } n∈Z be a bounded sequence of non-zero complex numbers. Then T w,p is supercyclic if and only if T w,p ⊕ T w,p ′ is cyclic, where
Proof. By Theorem S, supercyclicity of T w,p does not depend on p. In particular, T w,p is supercyclic if and only if T w,p ′ is supercyclic. Thus, without loss of generality, we can assume that p p ′ . If T w,p is non-supercyclic, then by Theorem MS, T w,p satisfies the Supercyclicity Criterion. Since an operator T satisfies the Supercyclicity Criterion if and only if T ⊕ T does, we have that T w,p ⊕ T w,p satisfies the Supercyclicity Criterion and therefore T w,p ⊕ T w,p is cyclic. Since ℓ p (Z) × ℓ p (Z) is densely and continuously embedded into
Assume now that T w,p is non-supercyclic. Theorem S implies the existence of m ∈ Z + such that (1.2) is not satisfied. Then a = {a n } n∈Z + ∈ ℓ ∞ , where a is defined in (2.2). It is easy to see from (2.1) that q = q(p, p ′ ) = ∞. By Lemma 2.6, T w,p ⊕ T w,p ′ is non-cyclic. Proof of Theorem 1.1. According to Corollary 2.5 (C5) implies (C4). By Theorem MS (C2) implies (C1). Taking into account Proposition 2.9, we see that it suffices to show that (C4) implies (C2). If T ⊕ T is cyclic on ℓ p (Z) ⊕ ℓ p (Z) then, since p 2, it is cyclic on ℓ p (Z) ⊕ ℓ q (Z). By Proposition 2.8 T is supercyclic and therefore (C4) implies (C2).
Proof of Theorem 1.3
Recall the following general result on universal families, see [8, p. 348-349] . Let F = {f α : α ∈ A} be a family of continuous maps from a complete metric space X to a separable metric space Y . Then the set x ∈ X : {f a (x) : a ∈ A} is dense in Y of universal elements for F is dense in X if and only if the set {(x, f a (x)) : x ∈ X, a ∈ A} is dense in X × Y .
A direct application of this result to the family {r(T ) : r ∈ P}, where T is a bounded linear operator on a Banach space, gives us the following theorem. We say that a subset A of a Banach space B is cyclic for a bounded linear operator T acting on B if r∈P r(T )(A) is dense in B. Theorem DC admits the following refinement.
Corollary 3.1. Let B be a separable Banach space, T : B → B be a bounded linear operator and A, B be two cyclic subsets for T . Assume also that the point spectrum σ p (T * ) of the dual operator T * has empty interior. Then the set of cyclic vectors for T is dense in B if and only if for any x ∈ A, y ∈ B and ε > 0, there exist u ∈ B and r ∈ P such that x − u < ε and y − r(T )u < ε.
Proof. The 'only if' part follows immediately from Theorem DC. It remains to proof the 'if' part. Clearly
r(T )(x + δU ) for any δ > 0, where U = {x ∈ B : x < 1}.
For any δ > 0 and q ∈ P, we have q(T )(M δ ) ⊆ M δ and therefore q(T )(B) ⊆ M δ . Since each M δ is closed and B is cyclic for T , we have M δ = B for any δ > 0. Let P † be the set of the polynomials q ∈ P, whose zeros are all in C \ σ p (T * ). Then q(T ) has dense range for any q ∈ P † . In particular, we see that the set
is dense in B for any δ > 0 and q ∈ P † . Finally, since q(T )(U ) ⊆ q(T ) U , we have r∈P, x∈q(T )(A) r(T )(x + εU ) is dense in B for any ε > 0 and q ∈ P † .
Since σ p (T * ) has empty interior, using the definition of P † and cyclicity of A for T , we obtain
The last two displays immediately imply that the set {(x, r(T )x) : x ∈ B, r ∈ P} is dense in B × B. By Theorem DC, the set of cyclic vectors for T is dense in B.
We shall apply the above corollary to weighted bilateral shifts. The following statement is a particular case of Corollary 3.1.
Corollary 3.2. Let T be a bounded linear operator on a Banach space B and {f j } j∈Z be a sequence of elements of B such that span {f j : j ∈ Z} is dense in B and T f j = f j+1 for each n ∈ Z. Then the set of cyclic vectors for T is dense if and only if for any n, k ∈ N, n > k and any ε > 0, there exists r ∈ P and u ∈ B such that f −k − u ε and f −n − r(T )u ε.
Proof. The 'only if' part is a trivial consequence of Theorem DC. It remains to prove the 'if' part. Let A = {f m : m < 0}. Since T f j = f j+1 for each n ∈ Z, we have r∈P r(T )(A) = span {f j : j ∈ Z} is dense in B.
Hence A is a cyclic set for T . Let x, y ∈ A. Then x = e −k and y = e −n for some k, n ∈ N. If n k, then there is a constant c ∈ C such that r(T )x = y, where r(z) = cz k−n . In particular x − u = 0 < ε and y − r(T )u = 0 < ε for u = x for any ε > 0. If n > k and ε > 0, then by the assumptions, there exists r ∈ P and u ∈ B such that x − u < ε and y − r(T )u < ε. It remains to apply Corollary 3.1. 
We conjecture that the answer to the following question must be affirmative. Problem 4.3. Let 2 < p ∞. Does there exist a weighted bilateral shift T = T w,p such that T n is cyclic for any n ∈ N and T is not weakly supercyclic?
Note that Salas [15] proved that I + T is hypercyclic for any (unilateral) backward weighted shift T . We would like to raise the following problem. What the author has been able to observe so far is that for 1 p 2, supercyclicity of I + T implies supercyclicity of T for any weighted bilateral shift T on ℓ p (Z).
Finally, we would like to raise the following problem.
Problem 4.5. Does there exists a bounded linear operator T on a separable Banach space such that T ⊕ T is cyclic and T 2 is non-cyclic?

